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Superheated Laminar Film Condensation
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A theoretical model is developed for the study of combined forced and natural convection � lm con-
densation from downward-� owing vapors onto a horizontal tube with variable wall temperature, includ-
ing effects of superheated vapor, the pressure gradient, and vapor shear stress. The characteristics of
condensate � lm � ow and its corresponding critical angle c, where the � lm separates from the wall, have
been investigated. The mean heat transfer result shows that, as the wall temperature variation amplitude
A increases, the value of Re 1/2 with the inclusion of the pressure gradient effect goes down apprecia-Nu
bly; however, the value of Re 1/2 ignoring the pressure gradient effect will remain almost uniform.Nu
Furthermore, as the vapor superheating parameter Sp increases, the mean condensing heat transfer
coef� cient is signi� cantly increased about 3.4 to 18.5%, depending on A.

Nomenclature
A = wall temperature variation amplitude
Cp = speci� c heat of condensate at constant pressure
D = diameter of circular tube
F = dimensionless parameter, (Ra /Ku)/Re2

g = acceleration caused by gravity
h = condensing heat transfer coef� cient at angle
h̄ = mean value of condensing heat transfer coef� cient
hfg = latent heat of condensate
Ku = Kutateladze number, Cp T/hfg

k = thermal conductivity of condensate
m = condensate mass � ux per unit area
Nu = local Nusselt number, hD/k
Nu = mean Nusselt number, h̄D/k
P = dimensionless pressure gradient parameter,

( v/ )Pr/Ku
Pev = Peclet number, DU / v

Pr = Prandtl number of condensate, Cp /k
p = static pressure of condensate
q = local heat � ux
Ra = Rayleigh number, ( v)gPrD3/ 2

Re = two-phase mean Reynolds number, DU /
r = radius of tube
Sp = superheat parameter of vapor, (k T /k T ) Pe /Rev v v

Tsat = saturation temperature of vapor
Tw = wall temperature
T = temperature of superheated vapor at the mainstream
U = vapor velocity of the main freestream
ue = tangential vapor velocity at the edge of the boundary

layer
x = coordinate measuring distance along circumference

from top of tube
y = coordinate normal to the tube surface

v = thermal diffusivity of vapor
T = temperature difference between the interface of vapor

and wall, Tsat Tw

Tv = temperature difference between mainstream and
interface of vapor, T Tsat

= local thickness of condensate � lm
* = dimensionless thickness of condensate � lm

= absolute viscosity of condensate
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= density of condensate
v = density of vapor

= angle measured from top of tube

Subscripts
c = critical condition
sat = saturation
v = vapor
w = tube wall

= mainstream

Superscripts
* = dimensionless

¯ = averaged

I. Introduction

T HE problem of laminar � lm condensation on horizontal
cylinders submerged in a forced � ow is not only of the-

oretical interest, but also of great importance for some tech-
nological processes, such as in the design of the condensers
for powerplants and phenomenon that usually occurs in nu-
merous engineering applications. The purpose here is to de-
velop a simple model to predict the mean condensing heat
transfer of superheated vapor on a horizontal tube with vari-
able wall temperature and a cross forced � ow.

Laminar � lm condensation from a saturated vapor onto an
isothermal circular tube in a cross� ow has received consider-
able attention. The earlier analytical investigation with vapor
velocity effects were considered as an extension of Nusselt’s
analysis1 to include the interfacial shear boundary condition at
the edge of the condensate � lm. Shekriladze and Gomelauri2

realized that the primary contribution to the surface shear was
because of the change in momentum across the interface, and
they employed a concept that the condensation process, in ef-
fect, is similar to suction applied around the tube on which
condensation takes place and, hence, vapor boundary-layer
separation can be assumed to be absent. Denny and Mills3

applied the asymptotic shear model of Shekriladze and Go-
melauri2 to condensation on a circular cylinder, ignoring the
pressure gradient effect, and obtained results very close to the
boundary-layer solutions (within 1 or 2%). Fujii et al.4 basi-
cally applied a two-phase boundary-layer � ow model with the
condensate � lm remaining intact for the entire surface, and
assumed a quadratic velocity pro� le in the vapor boundary to
investigate � lmwise condensation of vapor � owing cross to a
circular tube; however, they still ignored the pressure gradient.
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Fig. 1 Physical model and coordinate system.

Rose5 modi� ed Shekriladze and Gomelauri’s2 model, and took
into account the pressure gradient effect upon the same topic
by using potential � ow theory. Rose5 proposed an empirical
expression for a mean Nusselt number and found that, with
inclusion of the pressure gradient, this led to a small decrease
in the mean heat transfer coef� cient. Afterward, Jacobi and
Goldschmidt6 extended both Shekriladze and Gomelauri2 and
Rose’s5 model to predict the mean heat transfer in a condens-
ing cross� ow over an in� nite cylinder, by further accounting
for the Marangoni effect.

All of the previously mentioned works relate to forced � ow-
ing condensation of an isothermal circular tube. Fujii et al.4

showed experimentally that the peripheral distribution of wall
temperature is affected by both oncoming velocity and wall
heat � ux. Michael et al.7 also found that the difference between
the vapor-saturated and local wall nonuniform temperatures is
usually varying with the 1 A cos pro� le for the forced
convection � lm condensation problem; whereas at high vapor
velocities, the measured wall temperature pro� le is more uni-
form then predicted. Memory et al.8 investigated the forced
convection � lm condensation with a variable wall temperature
in which the pressure gradient is absent. However, Memory’s8

higher mean condensing heat transfer coef� cients seem to be
in contradiction with Honda and Fujii’s9 lower coef� cients
through the conjugate approach. The pressure study with a
further inclusion of a pressure gradient effect can modify
Memory et al.’s8 work, and can try to explain the signi� cant
discrepancy between them.

Although the effect of superheated vapor on free convection
condensation on a vertical has been developed,10,11 very few
works regarding forced convection � lm condensation have
been performed, especially for a circular tube. The main reason
for this lies in the tedious calculation involved in solving the
coupled two-phase boundary-layer equations. The present
work is aimed at developing a one-phase boundary-layer
model by adopting a potential � ow theory and Sideman’s12

model for mixed convection condensation, with further inclu-
sion of the effects of pressure gradient and vapor superheat
without losing its accuracy. The present result is useful in its
simplicity and easy to apply. Such a model has not previously
appeared in the literature regarding forced convection � lm
condensation on a horizontal tube.

II. Analysis
Consider a horizontal circular tube immersed in a down-

ward-� owing, pure vapor, which is at its superheated temper-
ature T (>Tsat), and moves at U . Tw may be nonuniform and
below Tsat. Thus, condensation occurs on the wall, and a con-
tinuous � lm of liquid condensate runs downward over the tube
under the simultaneous effects of gravity, pressure gradient
forces, and the interfacial vapor shear forces. Further, the
liquid– vapor interface is assumed to be smooth and ripple-
free up to separation.

The physical model under consideration is shown in Fig. 1.
With the assumptions of Bromley’s,13 Rohsenow’s,14 and Spar-
row and Gregg’s,15 works, this leads to the governing equations
for the momentum and energy balance in the � lm:

d
m = u dy (1)

r d 0

2u dp
( )g sin = 0 (2)v2y r d

T T Tv
h m k = k = k (3)fg v

y y

where = hfg 0.68Cp T is the latent heat of condensationhfg

corrected for the condensate subcooling by Rohsenow.14

(When not subscripted, a property is taken as that of the liquid
phase.)

Attention is given � rst to the energy equation [Eq. (3)]. The
right-hand side is the heat conducted into the liquid. The � rst
term on the left represents the energy liberated as latent heat;
whereas the last term is the heat conducted to the interface
through the vapor. The heat transferred out of the bulk vapor
is found by using the solution to the energy equation of the
vapor according to Sideman.12 Sideman’s solution12 is based
on potential � ow, and also on the notation that the heat transfer
in the vapor is con� ned to a thin layer near the interface. Using
this yields

T 2k T sinv v v
k = (4)v

y (1 cos )D /Uv

Applying the Bernoulli equation to the pressure gradient
term in Eq. (2) along the interface, and assuming the conden-
sate � lm thickness to be neglected when compared with the
radius of the tube, one may rewrite the momentum equation

2u due
= ( )g sin u (5)v v e2y r d

with the following boundary conditions:

u
= at y = (6)

y

u = 0 at y = 0 (7)

Consequently, the velocity pro� le can be obtained by inte-
grating Eq. (5):

21 du ye
u = ( )g sin u y (8)v v e r d 2

To reduce a coupled two-phase boundary-layer approach into
a one-phase boundary-layer approach, one may adopt Shekri-
ladze and Gomelauri’s2 model for the interfacial condition, as
follows:

= m u (9)e

The previous approximation has limitations, i.e., this model
only applies to high condensate rates. However, Eq. (9) is use-
ful in its simplicity, and is also employed in Jacobi16 to yield
good results.
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According to the potential � ow theory, for a uniform � ow
with velocity U past a circular tube, one may derive the vapor
velocity at the edge of boundary layer as

u = U 2 sin (10)e

and then obtain the pressure gradient and interface vapor shear
by using Eq. (10) and assuming the � lm thickness of conden-
sate << r, as follows:

du sin 2e 2u = U 4 (11)v e v
r d D

= m U 2 sin (12)

Next, since the wall temperature is variable, the wall tem-
perature distribution should be speci� ed or � tted by measured
data, then one can calculate the mean wall temperature as

1
T = T ( ) d (13)w w

0

and express the temperature difference across the � lm in the
usual manner, which is also seen in Memory et al.8

T = (T T )(1 A cos ) = T (1 A cos ) (14)sat w

where A is a constant (0 A 1) and denotes the wall
temperature variation amplitude. Inserting Eqs. (3), (4), and
(10)– (12) into Eq. (8), and then integrating Eq. (1) by using
this resultant Eqs. (8) and (14), along with introducing the
dimensionless parameters, yields

2d sin2*2 * *(1 A cos )sin 2Sp
d (1 cos )

1 43 3* *F sin P sin 2 = 1
3 3

sin
A cos 2Sp * (15)

(1 cos )

with the boundary condition

d *
= 0 at = 0 (16)

d
where

* = Re (17)
D

2F = (Ra/Ku)/Re (18)

P = ( / )Pr/Ku (19)v

Sp = (k T /k T ) Pe /Re (20)v v v

The � rst term inside the derivative in Eq. (15) results from
the interfacial shear stress, whereas the term involving P is the
effect of pressure gradient as a result of the potential � ow.
When both of these terms are omitted, Eq. (15) reduces to the
pure free-convection � lm condensation, i.e., Nusselt-type con-
densation problem.

Applying the boundary condition, Eq. (16) into Eq. (15),
one may obtain the equation for the condensate � lm thickness
at = 0, , as*0

1 2 1 4– – ** (F 8P) = 0 (21)2 0 3 0

Note that previous quadratic equation can be solved analyti-
cally, yielding and, hence, .2 **0 0

Before obtaining the solution of Eq. (15), and then calcu-
lating the heat transfer rate for the tube, note that the conden-
sate � lm � ow may separate at the following condition:

u
0 (22)

y y=0

This condition may also be obtained by Eq. (15), and result in
the following relationship:

1 A cos 4 *Sp sin / (1 cos )

2F(1 8P cos ) * = 0 (23)

If = c satis� es Eq. (23), c is called the critical angle, i.e.,

d *
® as ® (24)c

d

Although * is unknown, it may be solved by means of a
fourth-order, Runge– Kutta integration that uses a step size of

= 0.05 deg, and is then substituted into Eq. (23) by a
bisection method to determine the position or value of c. The
algorithm is very unstable and sensitive to the calculated *
at , close to c, and so we are required to check if the con-
densate � lm thickness will abruptly become extra thick, i.e.,
* ® , as ® c. Obviously, when Sp = 0 and F 8P, it

satis� es c = . In this case, the condensate � lm will separate
or drip off at the bottom of the tube. Otherwise, if F < 8P, the
critical angle lies in /2 < c , and the condensate � lm
will drip off before reaching the bottom of the tube. Because,
for the latter cases, solutions will not be possible beyond c,
one may ignore the contribution to heat transfer because of
extra large � lm thickness.

The local heat � ux q is given by

k T k T(1 A cos )
q = = (25)

which may be nondimensionalized to give

qD (1 A cos )
q* = = (26)

*( Rek T )

The mean heat � ux for a circular tube is given by

2 d
q̄ = q dx = q (27)

D 0 0

As in Nusselt’s theory, the dimensionless local heat transfer
coef� cient can be shown to be

Nu = D/ = Re/ * (28)

Next, we are interested in an expression for the overall mean
heat transfer coef� cient. Integrating Eq. (28) over a whole
tube, but neglecting the contribution to the heat transfer be-
yond c, based on the whole surface area, gives

Nu = q̄D/k T (29)

c

1 d1/2NuRe = (1 A cos ) (30)
*0
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Fig. 2 Dependence of dimensionless local � lm thickness on angle
for a) isothermal and b) variable temperature wall cases.

It is to be noted, at low vapor velocity, that Eq. (30) blends
with the Nusselt-type solution. Furthermore, there are two as-
ymptotic cases that are explained as follows:

Firstly, for the case of F >> 1, i.e., for very slow vapor � ow,
the gravity force is much larger than the vapor force and the
pressure gradient caused by the potential � ow. Hence, the
problem reduces to the natural convection � lm condensation,
i.e., Nusselt-type condensation. After omitting the � rst and � -
nal terms in Eq. (15), one has

22 d sin3 2* ** F sin 2Sp
3 d (1 cos )

sin
= 1 A cos 2Sp * (31)

(1 cos )

For saturated vapors, Sp = 0, by separation of variables, one
may obtain

1/4

1/4 1/3 1/3* = F sin 2 (1 A cos )sin d (32)
0

Thus, one can obtain the local Nusselt number from Eq. (28).
Next, one may also obtain the overall mean Nusselt number
from Eq. (30) as follows:

1/4 c
Ku 1/3Nu = (1 A cos )sin d
Ra 0

1/4

d1/32 (1 A cos )sin d (33)
0

It is to be noted that, for the special case of A = 0 and Sp =
0, (Ku /Ra)1/4 = 0.728.Nu

Secondly, for the F << 1 case, i.e., for the other asymptotic
cases— forced convection dominated � lm condensation, their
critical angles c are less than always when F < 8P. For
pure forced convection � lm condensation, one may put F = 0
in Eq. (15) and then obtain the mean heat transfer coef� cients
from calculations using Eqs. (15)– (30). For the special case
of Sp = 0 and P = 0, the present work will reduce to be the
same as Memory et al.’s8 results.

III. Results and Discussion
The present results cover the cases of combined free and

forced convection � lm condensation of superheated vapor � ow-
ing downward onto a horizontal tube. Here, numerical results
for mixed convection � lm condensation of superheated vapor
� owing downward onto a horizontal tube are presented in two
parts. In the � rst part, numerical results of local condensate � lm
thickness and its corresponding critical angles are obtained and
discussed for a wide range of F, P, A, and Sp beyond the prac-
tical range. In practice, P is usually less than 1.0 for steam and
less than 4.0 for refrigerants. Sp is taken to vary from 0 to 1.0,
and so is A. Then, the second part will indicate and discuss the
performance of heat transfer rates or Nusselt number for the
same range of F, P, A, and Sp as the � rst part.

A. Characteristics of Flow Dynamics * and c

1. Distribution of Condensate Film Thickness

Firstly, for A = 0 cases, i.e., for isothermal wall cases, the
results of numerical solutions from Eq. (15) are shown in Fig.
2a. For larger values of Sp, the superheat effect makes the
condensate � lm thickness thinner for all values of F. The rea-
son for this is that some of the heat conducted through the
condensate � lm layer is taken from the superheated vapor,
rather than condensing the saturated vapor. Hence, the amount

of condensate mass will be reduced so that the condensate � lm
becomes thinner. For the F = 100 case, i.e., free convection
dominated � lm condensation, the condensate � lm remains in-
tact throughout the surface, without separation occurring in
advance. But for both F = 1.0 (mixed convection) and F =
0.01 (forced convection) cases, the condensate � lm will sep-
arate from the tube before reaching the bottom of the tube (at

c /2). Secondly, for A = 0.5, i.e., variable wall temper-
ature cases, the pro� les of * are shown in Fig. 2b and are
similar to Fig. 2a; for all A = 0.5 cases, the values of * are
smaller than those for the corresponding cases of A = 0.

2. Phenomena of Film Flow Separation: Values of Critical Angles

Figures 3a and 3b show the dependence of critical or sep-
aration angles of the condensate � lm on parameter F, for both
isothermal (A = 0) and variable temperature walls (A = 0.5),
respectively. In general, with the inclusion of the pressure gra-
dient effect; e.g., P = 1.0 and 3.0, c increases slowly with
increasing F, for smaller F or forced convection dominated
� lm condensation. As F increases to near 8P, c is quickly
increasing until c = . There exist the transition zones (near
F < 8P) for isothermal and variable temperature wall cases
from F = 1 to F = 10 around. When F < 1.0, the � lm con-
densation will be forced convection dominated; the c are
about 1.6 rad for P = 3 and 1.7 rad for P = 1, respectively.
Because the rate of condensate mass � ow is decreased with
the degree of vapor superheating, c decreases slightly with
Sp. For F > 10, the � lm is free convection dominated, and c

= for both P = 1.0 and 3.0. Further, at F = 10, the � lm for
P = 3.0 separates earlier or at smaller c than when P = 1.0.

Figure 4 shows the effect of the pressure gradient on
the critical angle, i.e., the dependence of c on parameter P
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Fig. 3 Dependence of critical angle on F for a) isothermal and
b) variable temperature wall cases.

Fig. 4 Dependence of critical angle on P for mixed-convection
� lm condensation.

Fig. 5 Dependence of mean Nusselt number on F for a) isother-
mal and b) variable temperature wall cases.

for different values of F. It is seen that for F = 0.01, c

decreases continuously with P; i.e., c is usually less than
. The greater F increases, the wider the range of P that

satis� es c = . Additionally, at higher F, c is almost unaf-
fected by varying Sp. According to Memory and Rose’s
study,17 in the case of vapor � ow past a circular tube, separa-
tion occurs from s = 1.76 to 2.923 rad, for the forced � ow
dominated condensation case. Compared to the present cal-
culated values of c, the separation point s of vapor boundary
layer occurs more downstream than the liquid � lm layer c

does. Hence, the validity of the present numerical results can
be guaranteed.

B. Performance of Heat Transfer: Dimensionless Mean Heat
Transfer Re 1/2Nu

1. Effect of F on Mean Heat Transfer

The dimensionless mean heat transfer coef� cients or
mean Nusselt numbers are obtained numerically from Eq. (30)
by a step size of = 0.05 deg. Note that the present inte-
gration with a step size twice as large as = 0.05 deg,
produced a change in the predicted mean Nusselt number of
less than 0.1%. In general, the convective heat transfer coef-
� cient because of a single-phase condensate (for > c), is
much less than the condensing heat transfer coef� cient caused
by phase change (for < c). Hence, ignoring the contribution
to the mean heat transfer for > c will not cause a signi� cant
error.

Firstly, Figs. 5a and 5b indicate the dependence of the
dimensionless mean heat transfer coef� cient on the effect
of vapor � ow velocity for isothermal and variable wall
temperature, respectively. For P = 0 and Sp = 0 (no pressure
gradient effect included and for saturated vapor), the mean
Nusselt result is just the same as Memory et al.’s8 (Fig. 5b).
In addition, for the isothermal wall case (A = 0), the present
result reduces to Shekriladze and Gomelauri’s model.2 How-
ever, Memory et al.8 used the Shekriladze and Gomelauri’s
shear stress approximation,2 without considering pressure
gradient effects, and so they overestimated the mean vapor-
side heat transfer coef� cient. Hence, the present results with
further accounting for the pressure gradient (including P = 1.0
and 3.0) make the mean heat transfer coef� cients lower and
reasonable, above all for lower F. It is also seen that there
exists a transition zone near the Nusselt equation between F =
1– 10.



YANG 531

Fig. 6 Dependence of mean Nusselt number on A for mixed con-
vection � lm condensation.

Fig. 7 Dependence of mean Nusselt number on Sp for mixed
convection � lm condensation.

2. Effect of A

Figure 6 shows that the mean Nusselt number increases in-
signi� cantly with A for F = 100. For smaller values of F, i.e.,
F 1.0, the mean Nusselt numbers decreases more apprecia-
bly with increasing A for forced convection dominated (F <
1.0) condensation. Such a decrease in the mean Nusselt num-
ber is because its mean heat � ux is multiplied by the factor 1

A cos . Note that the result is in contradiction with that
obtained from Memory et al.,8 in which the pressure gradient
is absent. This is the reason that if one ignores the pressure
gradient, i.e., letting P = 0 for low F cases, the mean Nusselt
number will be overpredicted.

3. Effect of Sp

Finally, the effect of superheated vapor on the mean
heat transfer coef� cient is illustrated in Fig. 7 as follows. For
F = 100 (free convection dominated), the dimensionless mean
heat transfer coef� cients or mean Nusselt numbers increase by
14.8 and 18.5%, as Sp increases from 0 to 1.0 for A = 0 and
0.5, respectively. For mixed convection � lm condensation (F
= 1.0) and forced convection dominated � lm condensation (F
= 0.01), its practical ranges of superheat parameter are more
limited (Sp < 0.1), and smaller because of larger � lm Reynolds
numbers for the forced � ow of vapor. Therefore, one may
check the percentage of change in mean Nusselt numbers be-
tween Sp = 0 (saturated case) and 0.5 (superheated case) as
follows:

1) F = 1.0, its percentage is 4.37% for the isothermal wall
case (A = 0). When A = 0.5, its percentage is 11.26%.

2) F = 0.01, its percentage for A = 0 is 3.4%, while when
A = 0.5, its percentage becomes 10.29%.

Such an increase in mean heat Nusselt numbers may be
because its condensate � lm thickness is reduced with an in-
crease in the degree of vapor superheating.

IV. Concluding Remarks
1) An increase in vapor superheating leads to an enhance-

ment of the condensation heat transfer coef� cient.
2) For Sp = 0, or saturated vapor case, the present model

with further inclusion of the pressure gradient effect has ex-
plained the discrepancy between Memory et al.8 (ignoring the
pressure gradient term) and Honda and Fujii’s9 work (using
actual shear stress); the mean heat transfer result appears to be
adequate and can be applied to the combined free convection
and forced convection � lm condensation.

3) The dependence of the critical angle of condensate � lm
c on the pressure gradient has been investigated by the pres-

ent approach. Note that for P = 0, the present result yields c

= , which is also found in Memory et al.’s model.8

4) When P = 0, the mean heat transfer coef� cient increases
insigni� cantly with A. The mean heat transfer coef� cient de-
creases appreciably with A as P is increased from 0.

5) The mean heat transfer coef� cient is nearly unaffected by
the pressure gradient term for gravity-dominated condensation.
For lower F (higher vapor velocity), the mean heat transfer
coef� cient decreases signi� cantly with increasing pressure gra-
dient effect.

6) Because of the neglected waviness in the condensate � lm
layer, the model should be cautiously applied when Re ap-
proaches values where interfacial waves exist.
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